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Answer ALL questions.  Write your answers in the spaces provided.

1. Given that

f (x) = e2x cos x

 (a) Show that

f ʺ (x) = pf (x) + qf ʹ (x)

  where p and q are integers to be determined.
(5)

 (b) Hence find the Maclaurin series for f (x), in ascending powers of x, up to and 
including the term in x5, giving each coefficient in its simplest form.

(3)
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Question 1 continued
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2. (a) Use de Moivre’s theorem to show that

cos5 θ = 
1

16
(cos 5θ + 5 cos 3θ + 10 cos θ )

(5)

 (b) Hence solve, for π < θ < 2π, the equation

cos θ − cos 5θ = 5 cos 3θ
(5)
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Question 2 continued
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Question 2 continued
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Question 2 continued
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3.

R1

R2

Figure 1

 Figure 1 shows the design for a new type of security wheel nut for a car.
 The inner circle has a radius of 5 mm and the outer circle has a radius of 10 mm.
 The curve, C, between the two circles, is modelled by the polar equation

r = 7.5 + 1.5 cos 6θ      0  θ < 2π

 where r is measured in millimetres.

 The regions R1 and R2 are shown shaded in Figure 1 and both regions must be coated in a 
special paint.

 The region R1 is enclosed between the outer circle and C.

 The region R2 is enclosed by the inner circle.

 Find the area that must be coated in the special paint, according to the model.

 Give your answer in cm2 to 2 decimal places.

 [Solutions based entirely on graphical or numerical methods are not acceptable.]
(7)
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Question 3 continued
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Question 3 continued
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Question 3 continued
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4. (a) Prove that, for all positive integers n,

1

5 2 5 31 ( )( ) ( )r r
n

a bn cr

n

− +
≡

+=
∑

  where a, b and c are integers to be determined.
(5)

 (b) Hence, showing your working, find the exact value of

1

5 2 5 310

50

( )( )r rr − +=
∑

(2)
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Question 4 continued
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Question 4 continued
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Turn over     

Question 4 continued
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5. A student models the motion of a raindrop as it falls towards the ground by the 
differential equation

(t + 4)
d
d
v
t

 + 5v = 10(t + 4)

 where v m s−1 is the velocity of the raindrop t seconds after it starts to fall from a cloud.

 The student assumes that the raindrop is initially at rest.

 (a) Find, according to the model, the velocity of the raindrop after 3 seconds.
(6)

 (b) Describe the motion of the raindrop for large values of t according to the student’s model.
(1)

 (c) State a limitation of the model.
(1)
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Question 5 continued
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6. A sequence of numbers is defined by

u1 = 1      u2 = 5

un + 2 = 5un + 1 − 6un      n  1

 Prove by induction that, for  n ∈ +

un = 3n − 2n

(6)
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Question 6 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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7. The plane Π1 has equation 

r.(2i − 3j + 4k) = −8

  (a)  Find the perpendicular distance from the point (8, 2, 10) to Π1
(3)

 The plane Π2 has equation

r = λ(i + 3j + k) + μ(2i − j + k)

 where λ and μ are scalar parameters.

 (b) Show that the vector 4i + j − 7k is perpendicular to Π2
(2)

 (c) Find, to the nearest degree, the acute angle between Π1 and Π2
(3)

 (d) Find a vector equation of the line of intersection of the planes Π1 and Π2
(4)
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Question 7 continued
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Question 7 continued
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Question 7 continued
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(Total for Question 7 is 12 marks)
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8. A doctor is studying the concentration of an antibiotic in the blood and the body tissue of 
a patient.

 Let x be the number of micrograms of the antibiotic in the blood.
 Let y be the number of micrograms of the antibiotic in the body tissue.
 The doctor models her results by the differential equations

d
d
x
t
 = −5x + y + 51

d
d
y
t
 = 12 x − 6 y

 where t is the time in hours after a dose of the antibiotic has been administered to the patient.

 (a) Show that 

d

d

2

2

x
t

 + 11
d
d
x
t
 + 18 x = 306

(3)

 (b) Find a general solution for the number of micrograms of the antibiotic in the blood at 
time t hours.

(6)

 (c) Hence find a general solution for the number of micrograms of the antibiotic in the 
body tissue at time t hours.

(2)

 Initially there is none of this antibiotic in the blood and none of this antibiotic in the body tissue.

 (d) Find, in minutes, to 2 decimal places, the time when the rate of increase of the antibiotic 
in the blood is equal to the rate of increase of the antibiotic in the body tissue.

(5)

 (e) Evaluate the model.
(1)
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Question 8 continued
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Question 8 continued
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Question 8 continued
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Question 8 continued
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(Total for Question 8 is 17 marks)
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