FP1 - proof by mathematical induction Questions ANSWERS (73 marks)
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8.

(a) If n =1, EJ'{?‘—SJ=1}:4=4 aud%n(rz+1]{n+5)=%}:l}: 2ub=4,

Fml

(so true for n = 1. Assume true for n=k)

b+l
s.:.;r(;-u}=%k{k—1}ck+ij+tk+1](k-4ll

(k+)[k(k+5)+3(k+4)] = —(k+ D[ K" +8k+12]

il
L PR e
tad | =

—(k+1)(k + 2)(k+6) which implies 15 true for n=k+1
2

As result 15 true for n =1this implies true for all positive integers and
so result 15 true by mduction

(b) w=1({1-1)+1=1

(so true for n=1. Assume troe forn=1£k)

uy., =k (k-1 +1+k(3k +1)

= k(k* —k+3k+1)+1=k(k+1)* +1 which implies is true forn=k+ 1

As result 15 true for n =1 this implies true for all positive integers and
so result 1s true by induction
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Motes

{a) First B for LHS=4 and FHS =4

k
First M for attempt to use > r(r + 3) +u,.,
1

First A for %(k+l}. %(ﬁ' +2)or %(k+5j as a factor before the final line
=

Second A dependent on first for %(ﬁ' + 1){k + 2)(k + &) with no errors seen

Second M dependent on first M and for any 3 of “true for n=1" “assume true
for n=k" *true for n=k+1", *true for all »” (or “true for all positive mtegers’)
seen anywhere

Third A for comect selution only with all statements and no emors
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10. f(n) = 2" + 3" is divisible by 5.
f(y=2"+3" =5, Shows that £(1) = 5. Bl
Assume that for n=Fk.
f(k) = 2% + 3% s divisible by 5 for ke ¢~
| M1: Attempts £(F+1) — (k).
_ A2kl -1 WE+1 -1 _ 4251 2k-1)
f(k+1) - f(k)=2 3 (‘ +377) Al: Correct expression for flk+ 1) MIAl
(Can be unsimplified)

— pI+1 4 321 o2k-1 _ glk-]

D Ll e

(A1 k1 k-1 2k-1 Achieves an expression

_4[2 }+9(3 }_2 -3 in 2% -1 apd 3% -1 M1

— 3['221'- 1 ’ + 8['321‘-1 )

— 3[’2:1'- 1 ; + 3{315--1 ) + 5(3:?:-1 }

= 3f(k) + 5(3° ')
. _ (42E-1 )
SR +1) = 4f(k) + 5[3 ) o1 Where f(k+ 1) 15 correct and 1s Al
42 £330y 4 5['33-1 ) clearly a multiple of 5.
If the result is true for n =k, then itis now true | - ..t conclusion at the end, at
for n=Fk+1. As the result has shown to be true least as given, and all previous marks | Al cso
for n =1, then the result is true for all ». scored.

[6]
6 marks

All methods should complete to f(k + 1) = ... where f(k +1) is clearly shown to be divisible
bv 5 to enable the final 2 marks to be available.

Note that there are many different ways of proving this result by induction.
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| 1 ;
6(a) n=LLHS =1 =LRHS=-x1"x2" =1 | Shows both LHS = 1 and RHS =1 Bl
Assume true forn=k
Whenn=k+1
%_,.3 =lk:(k+1):+(i'+1)3 Adds (k + 1}3 to the given result M1
= 4
r=l
. 1 3
Attempt to factorise out I(k +1) dM1
1 1001
= Z(k +17 [k +4(k+1)] Correct expression with
i{k + 1)3 factorised out. Al
_1 (k+1)7 (k+2)
4 - Fully complete proof with no errors and
Must see 4 things: true forn=1. comment. All the previous marks must Alcso
assumption true for n = k. said true for | have been scored.
n =k + 1 and therefore true foralln
See extra notes for alternative approaches (5)
(b) E(FE -2)= E?'s - Ez Attempt two sums M1
> 7= 2n is MO
1 . 2
= Z?’i" (n +1)' - 2n Correct expression Al
_n F + 27 +11—8) & Camplv.arion to printed answer with no Al
4 EITOLS SEen.
3)
(c) . Attempt Ssp— Sag or S50 — Syo and
’,TG 3 50 19 bsti - - M1
" (1} —2) =—x130042 ——x 7592 substitutes into a correct expression at
r=30 4 4 least once.
(: 1625525 - 36{]52] Correct numerical expression Al
(unsimphified)
=1 589 463 cao Al
3)
(c) Way 2 M1 for (Ssg — Syp or S5p | Tatal 11
= =50 r=s0 50° , 19° . — 5o for cubes) — (2x30
;{?‘ —2)=%?"—%(2)=—X51'——X20'—2X31 Grzx?’]}
- N N Al correct numerical
expression
=1 589 463 Al




Jan 2012

7(a) R
, =3, u; =7 Bl1. Bl
()
(b) Atn=1, u,=2"-1=1
! . Bl
and so result true forn =1
Assume true forn =k u, =2" -
Substitutes u; into Uz (Must see this line) | M1
and so u, (= 2u, +1) =2(2" —1)+1 — ( )
Correct expression Al
U (=25 =2+1) =21 —1 Correct completion to u,,, = 2" —1 Al
Must see 4 things: true forn=1, Fully complete proof with no errors and
assumption true for n = k. said true for | comment. All the previous marks in (b) Alcso
n =k + 1 and therefore true for all n must have been scored.
Ignore any subsequent attempts e.g.  w,,, =2u,,+1= 2(2*"+1 —1)+1 etc. (5)




0. (a)
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ris—| 3 {:]_[’3 ﬂ\'|

33'-np 1) l6 1)

A

As LHS = RHS | the matrix result 1s true for » = 1.

Check to see that the result 15
true for v =1.

Assume that the matrix equation 1s frue for n = k.
(3 0‘]"“ (3 0 ]

ie. ‘ =1. ;
6 1) 337 -1) 1

e

With # = £+1 the matrnix equation becomes

U -EUEY

Il_.. 31_ D I_..j {]\. r..j {] i 3:‘_ ﬂ\' i 3‘_ ﬂ\l I_.-?. CI\'
ol e aeon 1) [leon 1)7l6 1)
33" -1 1)i6 1) 6 1)i33° -1 1, 33F-n 1) le 1)
_ [ 340 0+0 1|m_-Ir 3+ 0 0+0 ] Correct unsimplified matrix with
93" -n+6 0+1) (63 +33°-1) 0+1 N0 Errors seen.
r' 3?.‘—1 D
_|L~9(3*) ~3 1 ]

i 31‘—'. 0)
_‘9(3(3*)—1] 1,‘

-

Y

{ 3?.‘—1 {] \
B |L~3 G -1 1 ‘

Mantpulates so that & — k+1
on at least one term.

Correct result with no errors seen
with some working between this
and the previous Al

If the result 1s true for » = k{ 1) then it 15 now true for
n=k+1. (2) As the result has shown to be true for
n =1.(3) then the result 1s true for all »_ (4) All 4

aspects need to be mentioned at some point for the
last Al.

Correct conclusion with all
previous marks earned

Bl

M1

Al

dM1

Al

Al cso



f(H=7""1'+5=7+5=12,

Shows that £(1)=12.

{which 1s divisible by 12}.
{..f(n) 1s divisible by 12 when n=1.}

Assume that for n=Fk.
f(k) = 7"+ 5 is divisible by 12 for ke ¢~

So. fk+1)=7"""14+5

Correct unsimplified expression for
f(k+1).

giving, f(k+1)=7""+5

SfE+D) (k)= [?2%—1 " ‘3} _ [?2.;-_'_ N 5)

Applies f(k+1)—f(k). No
simplification 1s necessary and
condone missing brackets.

— ?f'r‘.'—l _ ?f'r‘.'—l
=777 -1) Aftempting to isolate 7°"
=48(7% 1) 48(7% )

o Ak +1) = £(k) + 48(7* ") which is divisible by

12 as both f(k) and 48[?3*_1) are both divisible by

12.(1) If the result is true for n =k, (2) then it is now

true for n=k+1. (3) As the result has shown to be
true for n =1, (4) then the result is true for all n. (5).

All § aspects need to be mentioned at some point
for the last Al.

Correct conclusion with no
incorrect work. Don’t condone
nussing brackets.

There are other ways of proving this by induction. See appendix for 3 alternatives.
If yvou are in any doubt consult your team leader and/or use the review system.

Bl

Bl

M1

M1

Alcso

Al cso

(6)

12
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u =4, +2. u =2 and u, =3(4"-1)

n=l u=34-1)=%03)=2 Check that «, = 2(4" - 1)

So u, is true when » =1. yields 2 when » =1.

-

Assume that for » =k that, u, = ?(4jr —1) is true

for ke Z".
— 2
Then u,,, =4u, + 2

Substituting u, = 2(4* — 1) into

=424 -1)+2
(3( ))+ U, =4, +2.

%(4)’“ 242 An attempt to multiply out thge
brackets by 4 or 3

i L
_?_1_ —_

|k

:%(4k+1 _1) %(4k+1 _1)

2

Therefore, the general statement, u, = 2(4" —1) is

3

Require ‘True when n=1", ‘Assume
true when n=k" and ‘True when
then «, is true for all positive integers by 1 = k+1" then true for all n o.e.

mathematical induction

true when n = k+1. (As u, istrue for n=1.)




June 2010

1. (a) LHS = f(k+1)=2"" + 6" OR RHS = . M1
= 6F (k) —4(2%) = 6(2* +6)—4(2Y
= 2(25)+6(6") =2(2%)+6(6%) Al
=6(2% +67)—4(2%)=6f(k)—4(2%) | =27 +6"=f(k+]) (* |Al 5
OR f(k+1)-67(k)=2"" +6" —6(2* + 6" M1
=(2-6)2")=—42" . andso f(k+1)= 6f(k)-4(2") Al. Al
(3)
(Byn=1: £(1)=2" +6' =8, which is divisible by 8 Bl
Fither Assume fl%) divisible by 8 and try | Or Assume fi%) divisible by 8 and try to | M1
to use f{k + 1) = 6£(%) - 4(2") wsef(x+1-f(R)or f(k+1)+1(k)
including factonising 6* =2*3*
Show 4(2')=4x2(2'")=8(2"") or 8(22") =22 (1+53" or Al
Or valid statement =22"13+73"0e
Deduction that result is implied for Deduction that result is inplied for Alcso
n=Fk+1 and so is true for positive mtegers n=k+1 and so is true for positive mtegers 4)
by induction (may inclede n = 1 true here) by induction (omst include explanation of 7 marks
whv 1 =2 is also true here)

Notes
(a) M1: for substitution into THS ( or BHS) or £k +1)-6 (k)
Al: for comrect split of the two separate powers cao
Al: for completion of proof with no errvor or ambignity (needs (for example) to start with one side of

equation and reach the other or show that each side separately is 2(2")+6(6") and conclude LHS =RHS)

(b) Bl: for substitution of n = | and stating “true for n=17 or “divisible by 87 or tick. (This statement may
appear in the concluding statement of the proof)

M1: Assume f{k) divisible by 8 and consider f{k + 1) = 6f{k) - 4(2") or equivalent expression that could

lead to proof —not mevely £ (k+1) — f{k) unless deduce that 2 is a factor of 6 (see right hand scheme abowve).

Al: Indicates each term divisible by 8 OR takes out factor & or 2°
Al: Induction statement . Statement 1 = 1 here conld contribute to Bl mark earlier.

NB: f(k+1)— f(k)=2""-2" £ 6" —6* = 2" £ 5.6" only is M0 A0 AD

(b) “Otherwise” methods

Could use: f(k+1)=2f(k)+4(6") or f(k+2)=36£(k)-32(6") or f(k+2)=4f(k)+32(2") ina
similar way to given expression and Left hand mark scheme is applied.

Special Case: Otherwise Proof not involving induction: This can only be awarded the B1 for
checkingn=1.
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o

n

{a) En=1. Er: =1 ami%H{H—l}(?ﬁ—l}=%xlxlx3=l, sotrue forn=1.

Bl
Fal
Assume result true forn==F M1l
S R | .
;r =Ek{k+lj{lk+1]+[i'—1] M1
=l{.ﬁ'—lj[2£'] +7k+6) or =l{k+2)[2k: +5k+3) or = 1(2k+3}{k: +3k+2) | ag
6 6 6
1 1 _ . .
=E[k+1](k+.?_'][3k+3} =E{.ﬁ'—]]{{k+1}—1j[2{k—1}+1{|meqmwleut dM1
True for n =&+ 1 if true for n =&, { and true for n = 1) so true by induction for alln. | Alcso
(6)
Alternative for (a) After first three marks B M M1 as earlier : BIMIMI
May state RHS=%{Ir+1}{{k+1}—1][.Z{k+1}+l} = %(ﬁ'+1)(ﬁ:+ 2)(2k +3) for third M1 Ml
Expands to %‘{k+1){3k:+ 7k + 6) and show equal to Z. =§J‘.—{Jr—1]{1k—1}—{i:+lj’ for Al Al
So true for n=F+ 1 if true for n = £, and true f{.:r-rn =1, so true by induction for all n. | Alcso
(6)
) S +5r+6)=r+53r+ (36) Mi
Pl E E Feul -
1 5
En[n +1)(2n +1]+5n{n—1}. +6n Al Bl
1
=En[{n+1;|{zn+n+15[n +1) + 36] Mi
=%h‘[2i‘?:—13?‘?+52]=%ﬂ[ﬂ1+9ﬁ+35} or a=9 bh=26 Al
(3)
:‘" 1 ol 1 -
¢) T (r+2(r+3)==2n(4n" +18n+26)——n(n’ +9n+26
{J;__[ Wr+3)=22n( 6) -3 ) M1 Alft
%H[Eﬂl +36n+52-n" -9n-26)= %ﬂ[?nl +27n+26) (*) Aleso 3)
14 marks

MNotes:

(a) B1: Checks n =1 on both sides and states true for n = 1 here or in conclusion
M1: Assumes true for n =k (should use one of these two words)

M1: Adds (F+1)th term to sum of & ferms

Al: Correct work to support proof

M1: Deduces 'gn[n +D(2n+1)withn=%k+1

Al: Makes induction statement. Statement true for 7 = 1 here could contribute to B1 mark earlier




